Measuring (dis)similarity between ecosystem states is a key theme in ecology. Much of community and ecosystem ecology is devoted to searching for patterns in ecosystem similarity from an external observer's viewpoint, using variables such as species abundances, measures of diversity and complexity. However, from the point of view of organisms in the ecosystem, proportional population growth rates are the only relevant aspect of ecosystem state, because natural selection acts on groups of organisms with different proportional population growth rates.
The first and third cases are unlikely to occur in nature, but are important conceptually. In particular, in the third 48 case, "nothing happens" from the point of view of the organism, even though to an external observer, something 49 is happening. In general, two ecosystem states which are superficially different can be equivalent from the point 50 of view of a species if they are in the same level set in niche space and therefore lead to the same proportional 51 population growth rate. It is necessary to know the structure of the Hutchinson niche in order to distinguish 52 between the second and third cases. Thus, the most important aspect of this view of the Hutchinson niche is that 53 the map from environment to proportional population growth rates tells us exactly what properties matter to the 54 organism, and when two ecosystem states are equivalent. 55 y 1 y 2 Figure 1 : Movement of an ecosystem through a two-dimensional niche space, with axes representing resources y 1 , y 2 . Any change in position in this space represents a change in the environment. Grey lines: level sets of equal proportional population growth rate for a single species. Solid arrow: movement of the type considered by Maguire (1973) and Tilman (1980) , such that the ecosystem state from the point of view of the organism changes. Dashed arrow: movement within a level set, such that the ecosystem state from the point of view of the organism is unchanged.
2. There is an identity, consisting of an arrow 1 A for each object A with domain and codomain A; 158 3. Any pair of arrows f, g such that the codomain of f is the domain of g can be composed to form a composite 159 arrow g • f from the domain of f to the codomain of g; (Lawvere and Schanuel, 2009, p. 21) . 164 For example, a set of ecosystem states S with an endomap α describing ecosystem dynamics is an object in the 165 category of sets with endomaps (Lawvere and Schanuel, 2009, p. 136 ). An arrow f in this category from a set X 166 with endomap γ to a set Y with endomap δ must preserve the structure of the endomap, in the sense that it must
Intuitively, this means that we can either follow dynamics on X and then map the result to Y , or map to Y 169 and then follow the corresponding dynamics of the result on Y . Thus the dynamical structure on X defined by the 170 endomap γ is preserved in the structure on Y defined by the endomap δ. Dynamics on a set of ecosystem states S (visible to an external observer) induce dynamics in growth space R (as 173 experienced by organisms in the ecosystem). We want to know whether these dynamics have the same structure, 174 in the sense of Equation 1. We need to specify an endomap β on R: the natural choice is described in Appendix
175
A. Next, we construct a function φ : S → S such that s ∼ s ⇐⇒ φ(s) = φ(s ). Then we can show (Appendix A) 176 that dynamics on the set of equivalence classes preserves the structure in ecosystem dynamics if and only if
This means simply that the endomap α describing ecosystem dynamics on the set of ecosystem states S must not 178 separate members of equivalence classes.
179
It is useful to distinguish three classes of ecosystem dynamics, based on whether and how Condition 2 is satisfied:
180
(a) Condition 2 holds because φ • α = φ, so r is a map in the category of sets with endomaps. Some of the possible 181 ways this could occur are:
182
(i) If α = 1 S , then φ • α = φ, and Condition 2 holds. This is the trivial case in which ecosystems never 183 change.
184
(ii) Note that φ is idempotent (i.e. φ • φ = φ), since (φ • φ)(s) = φ(s * ) = s * = φ(s), for any s ∈ S. Hence 185 α = φ also satisfies Condition 2, and is not equal to 1 S , provided that at least one equivalence class has 186 more than one member. There is no obvious biological example of this case.
187
(iii) If resource levels change over time, but in such a way that r (the vector of endogenous contributions to 188 proportional population growth rates for each species) remains constant (as in Figure 1 , dashed arrow),
This could in principle be achieved in a controlled laboratory system, but 190 does not appear likely in nature.
191
(iv) Finally and most importantly, consider an infinite well-mixed space Ω, and a set of species interacting 192 only through resource depletion and production of waste products. 
216
(ii) Suppose that proportional population growth rates in a closed system depend only on abundances x 217 through the relative abundances ρ = ( n i=1 x i ) −1 x, and not on physicochemical variables y. Then all 218 ecosystem states with abundances of the form cρ, for fixed ρ, will be in an equivalence class, and will be 219 mapped to the same new equivalence class by the function α describing ecosystem dynamics (Appendix B).
220
Ecosystems of this kind have purely frequency-dependent dynamics, implicitly assumed in models based 221 only on relative abundances (the term "frequency dependence", which is well established in the ecological 222 literature, means only that dynamics depend on relative abundances). Arditi and Ginzburg (2012, section 223 6.1) argue that this kind of scaling invariance may be a desirable property. Frequency dependence is 224 certainly possible (e.g. Hutchinson, 1978, pp. 134-135) , and is sometimes likely to be important. For 225 example, if space is limiting, and all the available space is always filled, frequency dependence may be the 226 dominant way in which abundances affect proportional population growth rates.
227
(c) In most cases, Condition 2 will not be satisfied, and so r (the endogenous contributions to proportional popu-228 lation growth rate) will not be a map in the category of sets with endomaps. For example, consider a closed 229 ecosystem containing a single species of phytoplankton with abundance x, whose proportional population growth 230 rate (1/x)(dx/dt) depends on the concentrations of nitrogen (N ) and phosphorus (P ), which are used during 231 growth but not recycled. This is another case in which endogenous contributions to proportional population 232 growth rates depend only on physicochemical variables y. A simple model for such an ecosystem, from Maguire
where r max is the maximum possible proportional population growth rate, attained at optimum concentrations 235 N * , P * of nitrogen and phosphorus respectively, parameters a and b determine how quickly proportional popu-236 lation growth rate declines as nitrogen and phosphorus concentrations, respectively, are moved away from the 237 optimum, and c, d are quantities of nitrogen and phosphorus needed to produce a unit of biomass, respectively.
238
The space Ω is not explicitly defined, but s = {Ω, x, N, P } is an ecosystem state. Consider the endomap α 239 describing ecosystem dynamics defined by
where x 0 , N 0 , P 0 are initial values, and x(1), N (1), P (1) are solutions of Equation 3 after one unit of time. It is unlikely that two real ecosystem states will ever be exactly equivalent. In empirical work, it may therefore 247 be useful to measure how far two ecosystem states are from being equivalent. This is analogous to the common of the same equivalence class, and is therefore not a summary of growth state. As a first example of something that 264 is a valid summary of growth state, proportional population growth rates are likely to be unknown for most species 265 in an ecosystem. In practice, it will be necessary to work with the m-tuple of proportional population growth rates 266 that are known, where m < n. Since this is a function of r(s), it is a summary of growth state. It will often be the 267 case that proportional population growth rates can be calculated for higher taxa or guilds, but not for individual 268 species. Strictly speaking, such aggregation is only valid if the species being aggregated have identical proportional 269 population growth rates at all times. This is unlikely to be exactly true, but may often be approximately true.
270
Ordination (Legendre and Legendre, 2012, chapter 9) can be done from the point of view of organisms, rather than 271 that of an external observer, given dissimilarities in growth space. An ordination based on points in growth space, 272 rather than in abundance space, is a valid summary of growth state because it is a function of r(s) alone, and may 273 be a useful low-dimensional approximation of growth state. In this section, we summarize the seasonal patterns of growth state for the plankton community in Lake Con- rates, while single-celled algae (Alg1: Figure 3a) , rotifers (Asp, Rot1, Rot2, Rot3: Figure 3g , r, s, t), cladocerans 318 and calanoid copepods (Dap: Figure 3o ), and the cladocerans Leptodora and Bythotrephes (Lep: Figure 3q ) have 319 generally positive proportional population growth rates. In the clear water phase (June), characterized by temporary 320 dominance of daphnids and a temporary inversion of the biomass pyramid (Boit and Gaedke, 2014), small coccal 321 algae (Alg5, Figure 3e ), autotrophic picoplankton (APP, Figure 3f ) and large carnivorous rotifers (Asp, Figure 3g Figure 4 : The first three principal components of proportional population growth rates r(s) for 20 planktonic guilds over the seasonal cycle in Lake Constance (data from Boit and Gaedke, 2014). Together, these three principal components explain 78 % of the variation in r(s). Proportional population growth rates were estimated from splines fitted to biomass over a standardized year, averaged over 1987-1996. Open circles: days 37 and 210 of the year, on which both size change and shape change were very similar (see Figure 5 ). blooms, separated by a local minimum at the boundary between the late spring and clear water phases ( Figure   327 5(a), white line between shaded regions). This local minimum occurs because at the start of the clear water phase, 328 most guilds have negative proportional population growth rates (Figure 3 ), due to dominance of daphnids (Boit 329 and Gaedke, 2014, Figure 1b) . In contrast, shape change is highest in the late spring and clear water phases ( Figure   330 5(b), shaded regions), because although the proportional population growth rates are low for many guilds, they 331 vary substantially among guilds (Figure 3 ). Thus, shape change behaves very differently from Lewis's measure of 332 rate of succession (Lewis, 1978) , which has a deep local minimum between the spring and autumn blooms (Boit 333 and Gaedke, 2014, Figure 4B ). Lewis's measure, which is widely used by plankton ecologists, is not a function of 334 r(s) alone (Spencer, 2015, Appendix B) , and therefore is not a measure of growth state in the sense used here. 
Rot2 Rot3 Figure 6 : Proportional population growth rates for 20 planktonic guilds in Lake Constance on days 37 and 210 of the seasonal cycle, when both size change and shape change differed by less than 5 × 10 −4 days −1 (data from Boit and Gaedke, 2014) . Filled black circles are means for each date, and vertical bars are ± one standard deviation. Symbols other than filled black circles are proportional population growth rates for each guild. Lines connect guilds on the two dates. The guilds with the highest and lowest proportional population growth rates on each date are labelled: Lep is the cladocerans Leptodora and Bythotrephes, Alg3 is filamentous blue and green algae, and Cil1 is small bacterivorous ciliates. Other guild abbreviations as in Figure 3 . Proportional population growth rates were estimated from splines fitted to biomass over a standardized year, averaged over 1987-1996. go back to S, then apply α and finally go from the result of this to R. The function r is not in general one-one, so 498 it will not in general have a retractionr that undoes it in the sense thatr We have shown that if Condition A.1 holds, then there is a natural choice of endomap β such that r is a 518 structure-preserving map from S to R, and that if it does not hold, then there can be no such map.
519
Theorem 1 makes intuitive sense. Condition A.1 says that for dynamics on the set of equivalence classes to 520 preserve the structure in ecosystem dynamics, the ecosystem dynamics must not separate equivalence classes. For 521 example, in Figure A .1a, the structure of α can be preserved by r, for the natural choice of the endomap β on R 522 described in Appendix A, because α keeps members of equivalence classes together. In contrast, in Figure A .1b, the structure of α cannot be preserved by r because s and s are in the same equivalence class but are mapped by 524 α to different equivalence classes. Condition A.1 is somewhat analogous to the condition under which a function of 525 a Markov chain will be Markovian (Burke and Rosenblatt, 1958) .
526
To find examples of endomaps α satisfying Condition A.1, we first construct a function φ : S → S such that 527 s ∼ s ⇐⇒ φ(s) = φ(s ). which depends on x only through ρ. Thus all ecosystems with abundances of the form cρ, for fixed ρ, will be in an 544 equivalence class, and will be mapped to the same new equivalence class by α.
545

